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1. INTRODUCTION 
In [3], the problem of finding a regular graph G, of given girth n and valency 
k > 3, that has the least possible numberf(n, k> of vertices was discussed. 
1 < n < 4, the solution is straightforward. If y2 3 5, only a few cases have 
been solved, though their existence has been proved by ErdGs and Sachs (see 
13, p. 821). In [2], Robertson has shown thatf(5, 4) = 19 and in 141, We 
has shown that f(5, 5) = 30. In this paper, we give a graph of girth 5 an 
valency 6. We also show that f(5, 6) = 40. 
2. A GRAPH OF GIRTH 5 AND VALENCK 6 
A graph of girth 5 and valency 6 having 40 vertices is shown in Figure 2.1~ 
(The referee informs us that N. Robertson exhibits in his thesis (Neil 
Robertson, Ph. D. Thesis, University of Waterloo, Waterloo, Canada) t 
same example in a different manner.) 
Notation. If two vertices x and y in a graph are adjacent, we write x ru y.. 
We shall show that a graph of girth 5 and valency 6 hav 
40 vertices does not exist. In fact, let G be a graph of girth 5 
It is already known that G must have more than 37 vertices (se 
G has 38 vertices. Then any edge of G is contained in 5 x 5 - 1 = 24 penta- 
gons so that, G must contain 9(24 x 38 x $) pentagons which is impossible. 
Next, suppose G has 39 vertices. We arrange them as in Figure 2.2. 
Suppose for an arbitrary vertex C of G, the vertices A and B in Figure 2.2 
are separated. Then any edge adjacent to C must be contained in 5 x 5 - 2 = 
23 pentagons. But then G must contain $(23 x 39 x #) pentagons, which is 
impossible. Therefore for some vertex C, A and B must be adjacent, 
We say a vertex belongs to set (n), if it is adjacent to the vertex (n) s 
distance two from the vertex C (n = 1, 2,..., 6). Any vertex (other 1 
adjacent to A is called an A-vertex. The definition of a B-vertex is similar- 
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A-vertices and B-vertices are called end-vertices. A vertex having distance 
two from the vertex C is called an inner-vertex, if it is not an end-vertex. 
We show that each inner-vertex must be adjacent to one A-vertex and one 
-vertex. lcn fact, since A -B, no end-vertex can be adjacent to any other 
d vertex and no inner-vertex can be adjacent to more than one end-vertex 
of the same type. There are ten end-vertices and each must be adjacent to 
four inner-vertices. There are exactly twenty inner-vertices. Since each inner- 
vertex can be adjacent to at most two end-vertices, each must be adjacent 
to exactly one A-vertex and one B-vertex. 
Case 1. Suppose A is adjacent to vertices a,4; k, p and u and 
5, e, j, o and t. 
case 1.1. Assume u is not joined to set (1). Then 5 is not joined to set (6) 
In fact, suppose 5 is joined to set (6). Since the valency of each vertex of G is 
six, the vertices 1, 2, 3 and 4 must be joined to set (6). But this is im~ossib~e~ 
because u is not joined to set (I). Therefore 5 is not joined to set (6). Since u is 
an end-vertex, it must be adjacent to inner-vertices of sets (2) (3), (4) and (5). 
Assume arbitrarily that u -b, x - d, 2 - d and 3 - X. Then d must be 
adjacent to two end-vertices from sets (3), (4) and (5) as must 2. Also 3 must 
be adjacent to at least one end-vertex from sets (3), (4) and (5). These five 
end-vertices are distinct. Clearly x cannot be adjacent to any of these five 
end-vertices. But x must be adjacent to two end-vertices from sets (3) (4) 
and (5) which is impossible. 
Cuse 1.2. LIssume u - 1. Then we can assume arbitrary that u M 2, 
w f-4 3, x-4,y-5andl-t. 
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suppose 2 -p, 2 -0, 3 -k, 3 -j, 4 -f and 4 -e. Then we can 
assume arbitrarily that b - 1, c - 2 and d - 3. Since 5 cannot be joined 
to set (2), 5 must be joined to sets (3), (4), (5) and (6). Therefore vertices 
1, 2, 3, 4 and 5 are joined to the vertices of set (3) distinctively. Similarly 
they are joined to sets (4), (5) and (6), respectively. Also c must be joined 
to four vertices from sets (3), (4), (5) and (6). Since c - 2, these four vertices 
must be joined to vertices 1, 3,4 and 5 respeqtively. Therefore it follows that 
vertex c must be joined to some vertex which is adjacent to 3. By a similar 
argument to that in Case 1.1, we see that it is impossible for c to be adjacent 
to w or to such an inner vertex in set (5). Now suppose c -k. Since c - 2 
and k - 3, c must be adjacent to t. Since c must be joined to some vertex in 
set (3) which is adjacent to 5, c - x. Then it is impossible for x to be joined 
to two end-vertices without making a 4-circuit. If c -j, then a similar 
contradiction occures. 
Suppose 2 -p, 2 - 0,3 -j; 4 -f, 4 - e and 3 - a. Then we can assume 
arbitrarily that 1 - 1, 3 -m and 4 - yk. Vertex 71 must be joined to some 
vertex adjacent to 3, which is impossible by a similar argument as before. 
Finally, if 2 - o, 3 - k, 3 -j, 4 -f, 4 - e and 2 - a, a similar contra- 
diction also occures. Therefore Case 1 is impossible. 
Case 2. Assume A is adjacent to vertices a,f, k, p and u and B is adjacent 
to vertices e, j, o, t and y. Vertex b must be adjacent to two end-vertices and 
three inner-vertices. Assume arbitrarily that b is adjacent to 2, g, k, t and x, 
and also that g - 3,k-5,t-4andx-1. 
Case 2.1. Suppose 3 is not adjacent to either end-vertex of set (2). Then 
of the six end-vertices of set (4), (5) and (6), five of them must be adjacent to 
b, 3 and 2. But g must be adjacent to two end-vertices (from these six end- 
vertices) which are not adjacent to b, 3 or 2 and this is impossible. We get 
a similar contradiction if 1 is not adjacent to an end-vertex of set (2) (we 
use vertex x). 
Case 2.2. Assume 1 and 3 are adjacent to end-vertices of set (2), say 1 - a 
and 3 - e. Suppose 4 and 5 are adjacent to end-vertices of set (6), then 
clearly 4 - u and 5 - y. Also necessarily 3 -p, 2 - o, 2 -f and 1 -j. 
Vertex x must be adjacent to two end-vertices from sets (3), (4) and (5). But x 
cannot be adjacent to any end-vertex which is adjacent to 1, 2 or b which is 
impossible. If 3 and 2 are adjacent to end-vertices of set (6), by a similar 
argument, g cannot be adjacent to two end-vertices from sets (4), (5) and (6) 
(because 2 -p and 2 -y). Similarly, 3 and 5 cannot be adjacent to end- 
vertices of set (6). 
Suppose 2 and 5 are adjacent to end-vertices of set (6), then clearly 5 -y 
and 2 - u. Since 1 and 2 are adjacent to o and j, x must be adjacent to f andp. 
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ut f and p are A-vertices and so this is impossible. Clearly 3 and 4 cannot be 
adjacent to end-vertices of set (6). 
Finally assume 2 and 4 are adjacent to end-vertices of set (6)>, then clearly 
4-u and 2 N y. Thus 3 -p, 5 -j, 2 -f and 1 - O. Since x cannot be 
adjacent to any vertex which is joined to I,2 or b, x - p and x -j. Similarly 
g-Q and g-u. Assume arbitrarily that c N 4 and d - 5. If c - ea and 
c -up, then d -yandd-JIM2 - y and 2 -Swhich is impossible. Also 
c cannot be adjacent to j. In fact, suppose c w-j. Since j - 5 an 
c cannot be adjacent to k or p. Therefore c - U. But c - 4 and M - 4 
impossible. Mence c +j. Suppose c - y and c -p. Since 1, 2, 3, 
are joined to set (4J l, m and n must be adjacent to 2, 3 and 4, r-es 
Since y t-d 2, y - c, p-3,p-c and c- 4, it follows that c cannot be 
adjacent to any inner vertex in set (4). Therefore c -0 and c -$ Then c 
must be joined to inner vertices from sets (5) and (Q? which are adjacent to 3 
and 5. Assume 5 - q. Since 1, 2 and 5 are adjacent to the inner-vertices of 
set (5), c ‘v q. But then q can only be adjacent to one end- 
contradiction. Therefore G cannot have 39 vertices and 
proof. 
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